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Abst rac t - -Comput ing  the value of the Jacobian elliptic functions, given the argument u and 
the parameter m, is a problem, whose solution can be found either tabulated in tables of elliptic 
functions [1] or by use of existing software, such ms Mathenmtica, etc. The inverse problem, finding 
the argument, given the Jacobian elliptic function and the parameter m, is a problem whose solution 
is found only in tables of elliptic functions. Standard polynomial inverse interpolation procedures 
fail, due to ill conditioning of the system of the unknowns. In this paper, we describe a numerical 
procedure based on the convergence of the unknowns of the solution, by the use of arithmetical 
method, as an alternative way of solving the problem. The method gives very good results with 
no significant error, in the computation of the argument of the Jacobian elliptic function given the 
Jacobian elliptic function and the parameter. This new procedure is important in problems involving 
cavities or inclusions of ellipsoidal shape ncountered in the mechanical design of bearings, filters, and 
composite materials. They are also important in the modeling of porosity of bones. This porosity may 
lead to osteoporosis, a disease which alfects bone mineral density in humans with bad consequences. 
Also these procedures are of importance in problems encountered in the physics discipline such as 
in the analysis of the dependence of the maximum tunneling current on external magnetic field for 
large area Joseplmon junctions with overlap boundary conditions. ~) 1999 Elsevier Science Ltd. All 
rights reserved. 
Keywords - - Inveme Jacobian elliptic functions. 
1. INTRODUCTION 
In the particular problems mentioned above, the ellipsoidal shape of the cavity or inclusion 
suggests the use of ellipsoidal coordinates [2]. The corresponding coordinate transformation, 
which relates the Cartesian coordinates (x, y, z) to the eUipsoidal coordinates ai, i = 1, 2, 3, is 
most conveniently introduced by using Jacobian elliptic functions. In order to calculate elastic 
stresses at any point of the Cartesian space, the ellipsoidal coordinates must be first calculated. 
For the better understanding of the procedure followed in this paper, we first discuss some 
elementary properties of the Jacobian elliptic functions as presented in [1]. 
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The following integrals are equivalent 
fo x dt fo ~ dO [(1 - t2) • (1 - mr2)] 1/2 (1 -- m sin s O) 1/2' (1) 
and are related by the substitutions 
t=s inO,  z=sin~o.  (2) 
The Jacobian elliptic functions may be defined by the relations 
snu = sin ¢, cnu = cos ¢, dnu = (1 - m sin 2 ¢) 1/2, (3) 
or by the equivalent set 
snu = x, cnu = (1 - x 2) 1/2, dnu = (1 - rosin 2 ¢)1/2. (4) 
The positive square root is to be taken in every case. 
The number u is called the argument and the number m the parameter of the functions. The 
complementary parameter is the number 
7/~ 1 = 1 -- 7D,. (5 )  
A more detailed representation, which is necessary when there is need for reference to the depen- 
dence of the functions on the parameter m of the Jacobian elliptic functions is as follows: 
sn(ulm), en(u I m), dn(ul m). (6) 
Also, it is customary to regard Jacobian elliptic functions as dependent on the modulus k, where 
k 2 = m. This leads to 
sn(u I k), I k), dn(u ]k). (7) 
The three Jacobian elliptic functions are single-valued functions of the argument u and are doubly 
periodic. The numbers K and iK '  given by 
f#/2 K =g(m)  = dO o) 1/2' (8) 
so (1 - rosin 2 
• f~/2  dO 
iK'=ir'(m)=,jo (1_raisin20)1~2 , (9) 
are the real and imaginary quarter periods• When 0 < al _< K, 0 < a2 ~ K' ,  0 < as _< K, then 
the first octant of the Cartesian space is covered. 
Given the value of one of the Jacobian elliptic functions, as well as the value of the parameter m, 
calculating the argument u is called the inverse problem. An arithmetic solution to this problem 
has been given by [3], where a data base is created containing all the values of the Jacobian 
elliptic functions as they appear in the known tables [1,4]. When the values of sn(u/m) and m 
are given, the corresponding value u is found by inverse interpolation i  the area of the database 
containing the given sn(u/m) and corresponding to the given m. In this paper, an attempt was 
made to solve this problem with better accuracy without using, and of course without creating, 
the database of the Jacobian elliptic functions. The applied procedure is described below. 
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The procedure is based on the method of Arithmetic Geometric Mean (A.G.M.) as described 
in [4]. The A.G.M. method is applied to calculate the exact value of the Jacobian elliptic func- 
tions sn(w/m) when the argument u and the parameter m are given. This step can be avoided 
in cases where software packages solving the direct problem, as Matlab, etc., can be used. 
Let snw be the given value of the Jacobian elliptic function, m the parameter and w the argu- 
ment o be found. Initially, a value Wl is assumed and by use of A.G.M., given the parameter m, 
the corresponding SnWl is calculated. Then this value, snwl, is compared to the initially given 
value snw. If the value SnWl diverges from snw, then a new value of w is assumed (let it be u2) 
and the previous procedure is repeated. The iteration is repeated for i steps (where i = 1, 2, . . . ,  
etc.) until, after n steps, ShUn converges to snw to the required accuracy. Then un is the solution 
of the inverse problem. 
In order to achieve convergence of the solution, an efficient scanning of the u-value domain 
must take place. In this case the bisection method is applied [5]. 
Since the Jacobian elliptic functions are periodical, the solutions of w matching snw are infi- 
nite. Consequently, there is need for determination f a domain [wleft, Wright] of W values that is 
considered as acceptable by the user. The size of the domain does not affect he final solution and 
it can be as wide as required by the specific application. It is suggested by the bisection method 
that the starting value Ul of u must be selected to be the average of Uleft and Uright, namely, 
't/,ieft Jr- Wright (I0) 
Wl = 2 
The method divides the domain of u in two equal parts, one of which eventually includes the 
solution u, .  The choice of the suitable part depends on the monotonic behavior of the Jacobian 
elliptic function--an example in a schematic way is presented inFigure 1--in the neighborhood f 
ul (domain [ux - e, ul + el, where e > 0 and ~ - .  0). Considering the difference Asnu~ = 
sn(ux -- e) - sn(ux + e), the four following cases can be encountered in real problems. 
1. If Asnuc > 0 and snul < snu, then the left part is selected. 
2. If Asnue > 0 and snux > snu, then the right part is selected. 
3. If Asnuc < 0 and snul < snu, then the right part is selected. 
4. If Asnue < 0 and snul > snu, then the left part is selected. 
The four cases described above can be expressed in a reduced and a simpler form as follows. 
1. Asnue.(snul  - snu) < 0, then the left part is selected. 
2. Asnue.(snul  - snu) > 0, then the right part is selected. 
The two cases can be regarded as a selection criterion for the correct domain of u-values to be 
bisected. They also are in use not only during the first iteration, but during every iteration. The 
use of the selection criterion, after every completion of an iteration, leads to the definition of 
a new domain which is contained in the previous one and includes the solution u, .  According 
to the bisection method practice, every new u~ to be defined is equal to the mean value of the 
boundaries of the new domain of u-value. Specifically, if the defined domain in iteration i is 
[Wleft(i), Wright(O], then 
ulen(O + W~ht(O (11) 
u~ = 2 
It must be noted that during each iteration the target is the assembly of the pair of values 
(wi, 8n~) ,  the first of which is already determined from the application of the bisection method, 
while the second will be easily found by the application of the A.G.M. method. 
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Figure 1. Necessary elements of the Jacobian elliptic functions for the bisection 
method. 
Calculations with the proposed procedure for u values corresponding to an(u/m) are shown in 
Figures 2-4 for various values of the parameter m. In each of these figures, three sets of data are 
shown. Specifically, 
1. exact u values contained in the tables of Jacobian elliptic functions given by [1], 
2. estimated u values as derived from the proposed procedure, and 
3. error between sets 1 and 2. 
As shown in Figures 2-4, the error between the values of the two sets is zero, at least up to the 
fifth digit. 
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Figure 2. Jacobian elliptic function versus argument of Jacobian elliptic for para- 
meter values m = 0.2, 0.4, 1. 
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Figure 3. Jacobian elliptic function versus argument of Jacobian elliptic for para- 
meter values m = 0.2, 0.4, I. 
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Figure 4. Jacobian elliptic function versus argument of Jacobian elliptic for l~ra- 
meter values m ---- 0.2, 0.4, I. 
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3. CONCLUSIONS 
The proposed inverse convergence procedure gives the values of the argument of Jacobian 
elliptic function for given values of Jacobian elliptic function and parameter m. The results are 
exactly accurate to the fifth digit precision values tabulated in tables of elliptic functions [1]. 
The application of this procedure is of importance in the solution of elastic problems involving 
ellipsoidal cavities and inclusions. Such problems with porous structures are often encountered 
in various disciplines of engineering, medicine, and physics, 
1. in the production of ceramics, glass, composites, and similar materials whose quality 
deteriorates with increasing porosity [6], 
2. in the use of porous materials for reduction of the structure-born noise in automotive, 
aircraft, and other applications [6], 
3. in the mechanical design for maximum damping and vibration suppression of porous struc- 
tures, 
4. in the biomedical field, as part of diagnosis and monitoring of osteoporosis and other 
conditions of bone loss in the form of increasing porosity, and 
5. in the physics discipline, as in the analysis of the dependence of the maximum tunneling 
current on external magnetic field for large area Josephson junctions with overlap boundary 
conditions [7]. 
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